A digraph is said to be n-unavoidable if every tournament of order n contains it as a subgraph. Let f (n) be the smallest integer such that every oriented tree is f (n)-unavoidable. Sumner (see 7]) noted that f (n) 2n ? 2 and conjetured that equality holds. H aggkvist and Thomason established the upper bounds f (n) 12n and f (n) (4 + o(1))n. Let g(k) be the smallest integer such that every oriented tree of order n with k leaves is (n+g(k))-unavoidable. H aggkvist and Thomason 1] proved that g(k) 2 512k 3 . Havet and Thomass e conjectured that g(k) k ? 1.
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Introduction.
A tournament is an orientation of a complete graph. An oriented tree is an orientation of a tree; in particular, an oriented path is an orientation of a path. Throughout this paper, since we only consider oriented trees and oriented paths, we abbreviate`oriented tree' to`tree' and`oriented path' to`path'. A digraph is said to be n-unavoidable if every tournament of order n contains it as a subgraph. Let f(n) be the smallest integer such that every (oriented) tree of order n is f(n)-unavoidable. Sumner (see 7] ) noted that f(n) 2n ? 2. Indeed, the regular tournaments of order 2n ? 3 have no vertex with outdegree greater than n ? 2 and thus do not contain the oriented tree consisting of a root dominating n ? 1 leaves. He also conjectured that equality holds.
H aggkvist and Thomason 1] proved that f(n) (4 + o(1))n, thereby improving the previous upper bound (1+o(1))n log 2 n obtained by Wormald 10] . They also established the absolute bound f(n) 12n. Their proof is based on trees with few leaves and the existence of a minimal function g(k) 2 512k 3 such that every tree of order n with k leaves is (n + g(k))-unavoidable.
With St ephan Thomass e, we conjecture the following:
Conjecture 1 (Havet et Thomass e) Every tree of order n with k leaves is (n+k?1)-unavoidable, i.e. g(k) k ? 1. This conjecture implies Sumner's because a tree of order n has at most n?1 leaves. Since trees with two leaves are paths, a result of Thomason 9] (see corollary 2.1.1) con rms this conjecture for k = 2.
De nition 1 Let P = (x 1 ; ; x n ) be a path. We say that x 1 is the origin of P and x n is the terminus of P. Let P 1 ; P 2 ; : : : P k be paths. The merging of P 1 ; P 2 ; : : :; P k , denoted W k i=1 P i , is the digraph S k i=1 P 0 i where P 0 i is isomorphic to P i with origin x and V (P 0 i ) \ V (P 0 j ) = fxg, 1 i < j k. We say that x is the origin of W k i=1 P i .
A tree with three leaves is the merging of three paths. In this paper, we prove (theorem 3.2) that a merging of order n of k paths is (n + 3 2 (k 2 ? 3k) + 5)-unavoidable. In particular, the trees with three leaves are (n + 5)-unavoidable. By studying the unavoidabilty of trees with few leaves, we then improve the proof of H aggkvist and Thomason and obtain the bound f(n) 38 5 n ? 6 (theorem 5.1). Let P = (x 1 ; ; x n ) be a path.
If x 1 ! x 2 , P is an outpath, otherwise P is an inpath. The directed outpath of order n is the path P = (x 1 ; ; x n ) in which x i ! x i+1 for all i, 1 i < n; the dual notion is that of a directed inpath. The length of a path is its number of edges. We denote the path (x 2 ; ; x n ) by P.
The blocks of P are the maximal subdipaths of P. We enumerate the blocks of P from the origin to the terminus. The rst block of P is denoted B 1 (P) and its length b 1 (P). Likewise, the i th block of P is denoted B i (P) and its length b i (P). The path P is totally described by the signed sequence sgn(P)(b 1 (P); b 2 (P); ; b k (P)) where k is the number of blocks of P and sgn(P) = + if P is an outpath and sgn(P) = ? if P is an inpath.
A tournament is strong (or strongly connected) if for any two vertices x and y there exists a directed outpath with origin x and terminus y. A nonstrong tournament is said to be reducible. The strong component of a tournament are its maximal subgraphs. The strong component C of a tournament T such that T ? C ! C is the maximal strong component of T.
Let X be a set of vertices of T. The outsection generated by X in T is the set of vertices y to which there exists a directed outpath from x 2 X; we denote this set by Corollary 2.1.1 (Thomason, 9] ) Let T be a tournament of order n + 1 and P a path of order n. At least two vertices of T are origins of P . In particular, T contains P. Proof. Let Let P be an outpath of order n 1 , Q an inpath of order n 2 , T a tournament of order at least n 1 + n 2 and x a vertex of T. If x is an origin of P and an origin of Q in T, then x is an origin of the merging P _ Q in T.
We prove here a generalization of this lemma.
De nition 3 Let R be a merging of paths with origin x. R denote the digraph R ? x.
A path P = (x 1 ; x 2 ; : : :; x n ) is quasi-ascending if x 1 x 2 and x i ! x i+1 , 2 i n?1. Lemma 3.2 Let R 1 be a merging of order n 1 of outpaths and R 2 a merging of order n 2 of inpaths and T a tournament of order at least n 1 + n 2 . If x is an origin of R 1 and an origin of R 2 in T, then x is an origin of R 1 _ R 2 in T.
Proof. Set R 1 := W l i=1 P i and R 2 := W k j=1 Q j . By duality, we may suppose that d ? (x) jR 2 j.
We will prove by induction on k, the number of paths of R 2 x is an origin of Q 0 in T ? P l , because its indegree is q + q 1 + q 2 + + q l?1 . By the induction hypothesis, in T ? P l , x is an origin of R . Using this lemma, we prove the following useful lemma: Lemma 3.3 Let R 1 be a merging of order n 1 of outpaths such that every tournament of order f 1 (n 1 ) contains a 1 origins of R 1 , and R 2 a merging of order n 2 of inpaths such that every tournament of order f 2 (n 2 ) contains a 2 origins of R 2 . Then R = R 1 _ R 2 is m-unavoidable, where m = maxff 1 (n 1 ) + f 2 (n 2 ) ? a 1 ? a 2 + 1; n 1 + n 2 g.
In particular, if R 1 is (n 1 +l 1 )-unavoidable and R 2 is (n 2 +l 2 )-unavoidable with l 1 +l 2 1, then R is (n 1 + n 2 + l 1 + l 2 ? 1)-unavoidable. Proof.
Let T be a tournament of order m. In T, there are m ? f 1 (n 1 ) + a 1 origins of R 1 and m ? f 2 (n 2 ) + a 2 origins of R 2 . Since m f 1 (n 1 ) + f 2 (n 2 ) ? a 1 ? a 2 + 1, there is a vertex x which is both an origin of R 1 and an origin of R 2 . By lemma 3.2, since m n 1 + n 2 , x is an origin of R 1 _ R 2 in T. This lemma allows us to limit our study to mergings of outpaths. Indeed, if we prove that each merging of order n 1 of k 1 outpaths is (n 1 +l(k 1 ))-unavoidable, for some function l, then, by duality, each merging of order n 2 of k 2 inpaths is (n 1 +l(k 2 ))-unavoidable. Thus by lemma 3.3, the merging of order n of k 1 outpaths and k 2 inpaths is (n + l(k 1 ) + l(k 2 ))-unavoidable. Proof. Corollary 2.1.1 states that in every tournament of order n 1 + 1 there are two origins of a prescribed path of order n 1 . And the merging of order n 2 of two (out)paths is a path and therefore is (n 2 + 1)-unavoidable.
The bound n + 1 of this lemma is best possible: a reducible tournament of order n in which the maximal strong component is a 3-cycle does not contain the merging P 1 _P 2 _P 3 , where P 1 and P 2 are outpaths of length one and P 3 a directed inpath of length n ? 3. Corollary 3.3.2 A merging of order n 14 of two outpaths and two inpaths is (n + 1)-unavoidable.
Proof. Let R = P 1 _ P 2 _ Q 1 _ Q 2 with P 1 and P 2 two outpaths and Q 1 and Q 2 two inpaths. Set R 1 = P 1 _ P 2 and R 2 = Q 1 _ Q 2 and let n 1 be the order of R 1 and n 2 the order of R 2 . We have n 1 + n 2 = n + 1. Since n 14 and by duality, we may suppose that n 1 8. Thus by theorem 2.2, R 1 is n 1 -unavoidable. And, by corollary 2.1.1, R 2 is (n 2 + 1)-unavoidable.
The bound n + 1 of this lemma is the best possible: a reducible tournament of order n in the which maximal strong component is a 3-cycle does not contain the merging P 1 _ P 2 _ P 3 _ P 4 , where P 1 and P 2 are outpaths of length one and P 3 and P 4 are directed inpaths of orders n 3 and n 4 , respectively, with n 3 + n 4 = n ? 1 n i is n i -unavoidable.
Mergings of outpaths.
3.2.1 Mergings of outpaths with rst blocks of length at least two. De nition 5 The fork F = x; y; fu; vg] is the digraph de ned by V (F) = fx; y; u; vg and E(F) = f(x; y); (y; u); (y; v)g. We call x the origin of F and u and v the points of F.
The merging of forks is de ned analogously to the merging of paths.
A tree is quasi-suitable (resp. suitable) if it is a merging of k 1 forks, k 2 directed outpaths of length two and k 3 directed outpaths of length one (resp. with k 1 k 3 ). Lemma 3.5 Let R = W k i=1 P i be a merging of order n of k 2 outpaths with rst block of length at least two and T a tournament of order n + k ? 1. Every vertex which is an origin of a spanning suitable tree in T is an origin of R in T.
In particular, every vertex with maximal outdegree in T is an origin of R in T.
Proof.
We will prove the result by induction on k. One can prove the following lemma by the method of proof of lemma 3.5: Lemma 3.6 Let R = W k i=1 P i be a merging of order n of k 2 outpaths with rst block of length at least two and T a tournament of order n+2k ?2. Every origin of a spanning quasi-suitable tree is an origin of R in T. Thenrefore, by the induction hypothesis, there is a vertex y of K 2 that is an origin of R 0 in T(K 2 ; A 1 ) with K 4 := K 2 n V (R 0 ) of size at least h(k ? 2) ? 1. Now, by theorem 2.1, in T(x; y; A 2 ) x or y is an origin of P k . Without loss of generality, we may suppose that it is x. Hence, in T(K 1 n K 3 ; y; A 1 ; A 2 ), x is an origin of R 0 _ P k = R. Moreover K 2 n fyg K n V (R), so jK n V (R)j h(k ? 1) ? 1. 3.2.3 General case. Lemma 3.8 Let R be a merging of order n of k 2 outpaths P i with rst block of length one and one outpath Q with rst block of length at least two. R is (n + 2h(k) ? k ? 1)-unavoidable.
Mergings of outpaths with rst blocks of length one. De nition 7 Let h(k)
Proof. Let Let T be a tournament of order n + 3h(k 1 ) + 2k 2 ? 5, T 0 a subtournament of T of order n 2 +3h(k 1 )+2k 2 ?5 and T 00 the tournament T ?T 0 . Let us consider the vertices x i ; 1 i h(k 1 ), such that x i is an origin of a spanning quasi-suitable tree A i in T ? (x 1 ; : : : ; x i?1 ).
According to proposition 3.1, x i is an origin of a quasi-suitable tree of order at least (n 2 +2k 2 ?2) in T 0 ?( S j6 =i x j ). Thus, by lemma 3.6, x i is an origin of R 2 in T 0 ?( S j6 =i x j ). Moreover, T 1 = T V (T 00 ); S h(k 1 ) i=1 x i ] has order n 1 + h(k) ? 1. Therefore, by lemma 3.7, one of the x i , say x 1 , is an origin of R 1 in T 1 . Hence x 1 is an origin of R in T.
With the aid of the above four lemmas, one can prove the following theorem for any merging of outpaths: Theorem 3.1 A merging of order n of k outpaths is (n + 3h(k ? 2) ? 1)-unavoidable.
Since h(k ? 2) = In particular, a tree with three leaves is (n + 5)-unavoidable. 4 The method of H aggkvist and Thomason.
De nition 8 Let A 1 be a subtree of a tree A. We denote by A + (A 1 ), (resp. A ? (A 1 )) the forest that is the union of the components of the forest A?A 1 which are joined positively (resp. negatively) to A 1 , i.e. the set of maximal subtrees A 2 of A ? A 1 for which there exist x 2 A 1 and y 2 A 2 such that x dominates (resp. is dominated by) y in A.
Let p be an integer greater than two. The p-heart h p (A) of a tree A of order n, is the subtree spanned by those edges e 2 E(A) for which each of the two components of A ? e has order at least n=p. If there is no such edge, h p (A) will denote the unique vertex of A whose deletion leaves components each of which is of order less than n=p. Note that h p (A) is connected, so it is indeed a tree. Moreover, h p (A) has at most p ? 1 leaves. Indeed, the removal from A of an edge of h p (A) adjacent to a leaf l of h p (A) leaves a component of order at least n=p whose intersection with h p (A) is l. Hence, if h p (A) has k leaves, h p (A) is of order at most n ? kdn=pe + k. Note, furthermore, that all components of A ? h p (A) are of order less than n=p, that is, at most dn=pe ? 1.
The approach of H aggkvist and Thomason 1] is to establish an upper bound on f(n) by induction. Their method for nding a tree A in a tournament T is rst to nd the p-heart h p (A) of A in the subtournament induced by the vertices of su ciently large outdegree and indegree. Then, by the induction hypothesis, one nds the components of A ? h p (A) in the remaining subtournament these components being joined in T to the leaves of h p (A) so as to form A. Since the p-heart has few leaves, our goal, in following this approach, is to nd (small) functions k (n) such that every tree of order n with k leaves is k (n)-unavoidable. In order to guarantee that the vertices of the vertices of the tournament which constitute the p-heart have large indegrees and outdegrees, we use the following proposition, whose easy proof is omitted.
Proposition 4.1 Let T be a tournament. At most 2k ? 1 vertices of T have outdegree less than k.
Suppose that, for 2 k p, there exists a function k (n) such that every tree with k leaves is k (n)-unavoidable. Suppose also that every tree of order m < n is (m)-unavoidable. We will nd conditions on (n) which guarantee that trees of order n are (n)-unavoidable. Let A be a tree of order n, h p (A) its p-heart and k the number of leaves of h p (A (2) In the subtournament induced by the k (t) vertices satisfying the above two inequalities, one can nd h p (A). Let A According to proposition 4.1, there are k (t) vertices with outdegrees satisfying (1) and indegrees satisfying (2) in every tournament of order (n) such that:
(n) k (t) + 4t ? 5 Proof. For the 10-heart of a tree, with k (n) = 2 k n and (n) = 12n, all the inequalities (? k ), 2 k 9, are satis ed.
5 Trees with few leaves.
In this section, for small values of k, we nd upper bounds k (n) on the order of a tournament that contains all trees of order n with k leaves. Using the method of H aggkvist et Thomason, these yield the upper bound of f(n) 38n 5 ? 6.
Corollary 2.1.1 states that a tree of order n with two leaves is (n + 1)-unavoidable (i.e. 2 (n) = n + 1) and corollary 3.2 that a tree of order n with three leaves is (n + 5)-unavoidable (i.e. 3 (n) n + 5).
Lemma 5.1 A tree of order n with four leaves is (2n + 9)-unavoidable. Proof. Let A be a tree of order n with four leaves. There exists a vertex v of A such that A ? v is a forest whose components are paths, together with one tree with at most three leaves. We may suppose that this tree is contained in A 
